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1. Introduction
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■History of the Universe

2024/2/10 Seminar @ Okayama Univ of Sci

2. Oscillation [Preheating]

Inflaton 𝜙 : 

∼ 𝑀𝑃

𝜙

𝑇𝑅 ∼ 0.2 Γ𝜙𝑀𝑃

1. Slow roll [Inflation]

3. Decay [Reheating]

Inflation Reheating BBN Recombination(Baryogenesis)

time10−43 s 1 s 1013 s

EW

10−12 s

- 1. Introduction -

𝑇 > 𝑎 𝑓𝑒𝑤 MeV

𝑉

(𝑀𝑃∼ 1019 GeV )

BBN:

Big-Bang

Nucleosynthesis

Γ𝜙 ∼ 𝐻 𝑇𝑅

⇓
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■Overview of preheating

■ Toy model on inflation field + scalar particle

■ Equation of motion for 𝜒 (wave function)

→ “Mathieu equation”   …   motion of a swing with pumping person

2024/2/10 Seminar @ Okayama Univ of Sci

[J. H. Traschen and R. H. Brandenberger (1990), L. Kofman, A. D. Linde, A. A. Starobinsky (1994, 1997)]

0 = 𝜕𝑡
2𝜒𝑘 + 𝑘2 + 𝜙0

2sin2 𝑚𝜙𝑡 𝜒𝑘

( http://www.nicovideo.jp/watch/sm14518057 )

𝜙(𝑡) ∼ 𝜙0 sin𝑚𝜙𝑡

𝜒 𝑡, Ԧ𝑥 = ׬
𝑑3𝑘

2𝜋 3 𝑒𝑖𝑘⋅ Ԧ𝑥𝜒𝑘 𝑡 𝑎𝑘 + ℎ. 𝑐.

𝑉

𝜙

𝜙 : background
(classical field)

𝜒 : real scalar 
(quantum field)

ℒint ⊃ −
1

2
𝑚𝜙
2 𝜙 𝑡 2 −

1

2
𝑔2 𝜙(𝑡) 2𝜒2

[ http://www.riken.jp/pr/press/2014/20140725_1/ ]

∼ 𝜒𝑘

∼ 𝜙

- 1. Introduction -
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■Mathieu equation

■ Instability chart (Strutt diagram)

■ Width of resonance band

■ Narrow:  𝐴 ∼ 𝑂 1 ≪ 2𝑞 (𝑔 𝜙0 ≪ 𝑚𝜙),    Resonance finishes soon

■ Broad:  𝐴 ∼ 2𝑞 ≫ 1 (non-relativistic 𝜒 , and 𝑔 𝜙0 ≫ 𝑚𝜙),    Resonance can continue enough

■ If  𝑔 = 0.01, 𝜙0 = 1018 GeV,  𝑚𝜙 = 1013 GeV     → 𝑞 ∼ 105

2024/2/10 Seminar @ Okayama Univ of Sci

0 = 𝜕𝑡
2𝜒𝑘 + 𝑘2 + 𝑔2 𝜙0

2sin2 𝑚𝜙𝑡 𝜒𝑘

𝑞 ≡
𝑔2 𝜙0

2

4𝑚𝜙
2𝐴 ≡

𝑘2 +
1
2
𝑔2 𝜙0

2

𝑚𝜙
2

Unstable
region Unstable

region

Stable
region

∼
𝜒′s mass 2

𝜙′s mass 2
∼

𝜒′s energy 2

𝜙′s mass 2
,

𝑘2 > 0 ⇒ 𝐴 > 2𝑞 𝐴 > 2𝑞

Physical condition:

𝑞 𝑞

𝐴 𝐴
[Y. Jia, S. Du & A. A. Seshia Scientific Reports, 6, 30167 (2016)]

- 1. Introduction -

0 =
𝑑2

𝑑𝑧2
𝜒𝑘 + 𝐴 − 2𝑞 cos 2𝑧 𝜒𝑘

𝑧 ≡ 𝑚𝜙𝑡,

𝐴 > 2𝑞

Narrow resonance

𝐴 ∼ 𝑂 1 ≪ 2𝑞

Broad resonance (𝐴 ∼ 2𝑞 ≫ 1)
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[L. Kofman, A. D. Linde, A. A. Starobinsky (1997)]

■ Behavior in broad resonance

■ Remarks on production

■ Exponential grow (bosonic effect)

■ At non-adiabatic region

(around a massless point: 𝜙 ∼ 0)

2024/2/10 Seminar @ Okayama Univ of Sci

(wave func.)

(occupation #)

𝑉

𝜙
Non-adiabatic region : ሶ𝜔𝑘/𝜔𝑘

2 > 1

𝜔𝑘 ≡ 𝑘2 + 𝑔2 𝜙 𝑡 2 :   1-particle energy of 𝜒0 = 𝜕𝑡
2𝜒𝑘 + 𝜔𝑘

2𝜒𝑘

𝜙 𝑡 = 𝜙0 sin𝑚𝜙𝑡

𝑞 ≡
𝑔2 𝜙0

2

4𝑚𝜙
2 = 200

ሶ𝜒𝑘
2 + 𝜔𝑘

2 𝜒𝑘
2

2𝜔𝑘
−
1

2

(parameter for out-of-”free field”)

- 1. Introduction -



8/392024/2/10 Seminar @ Okayama Univ of Sci



9/392024/2/10 Seminar @ Okayama Univ of Sci



10/392024/2/10 Seminar @ Okayama Univ of Sci



11/392024/2/10 Seminar @ Okayama Univ of Sci



12/392024/2/10 Seminar @ Okayama Univ of Sci



13/39

■With expansion effect  ( 𝑔 = 0.01, 𝑚𝜙 = 1013 GeV, 𝑚𝜒 = 109 GeV )

■ Comparing with “perturbative decay” of inflaton

2024/2/10 Seminar @ Okayama Univ of Sci

𝜙

𝜙 − 𝜙

𝜒

𝜒

Γ𝜙 ∼
𝑔4 𝜙 2

16𝜋𝑚𝜙
𝜃 𝑚𝜙 − 2 𝑚𝜒

2 + 𝑔2 𝜙 2 ≲
𝑔2𝑚𝜙

64𝜋

∴ # of osc. until decay =
𝑚𝜙𝑡reh

2𝜋
∼

𝑚𝜙

2𝜋Γ𝜙

“Reheating” happens much faster than inflaton “decay!”
∼ −𝑖𝑔2 𝜙
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32

𝑔2
= 3.2 × 105 ≫ 17

∼ 17

𝑛𝜒𝜙

/
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𝑚
𝜙
𝑀
𝑝
𝑙
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𝜌𝜙

𝜌𝜒

- 1. Introduction -

𝑉

𝜙

𝜒
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2. Analytic method for non-perturbative particle production

2024/2/10 Seminar @ Okayama Univ of Sci

2-1.  WKB approximation and Bogoliubov transformation 
2-2.  Analytic methods for Bogoliubov coefficients
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■ 解析的にはどうやって評価するか？ → WKB 法，Bogoliubov 変換・係数

■ EOM for wave function

■WKB 近似 : 𝜒𝑘 𝑡 = 𝑒𝑆(𝑡) とおいて，さらに 𝑆 =
1

ℏ
𝑆−1 + 𝑆0 + ℏ𝑆1 +⋯ と ℏでべき展開

■ 結果をまとめると

■ 近似の妥当性：

■ 𝑘 ∼ 0, 𝜙 ∼ 0のところくらいで断熱条件が崩れる → 粒子生成が起こる

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

𝜔𝑘 ≡ 𝑘2 + 𝑔2 𝜙 𝑡 2 :   1-particle energy of 𝜒0 = 𝜕𝑡
2𝜒𝑘 +

𝜔𝑘 𝑡 2

ℏ2
𝜒𝑘

𝜒 𝑡, Ԧ𝑥 = ׬
𝑑3𝑘

2𝜋ℏ 3 𝑒𝑖𝑘⋅ Ԧ𝑥/ℏ 𝜒𝑘 𝑡 𝑎𝑘 + ℎ. 𝑐.

0 = ሶ𝑆2 + ሷ𝑆 +
𝜔𝑘
2

ℏ2
=

1

ℏ2
ሶ𝑆−1
2 +

2

ℏ
ሶ𝑆−1 ሶ𝑆0 +⋯+

1

ℏ
ሷ𝑆−1 +⋯+

𝜔𝑘
2

ℏ2

∴ 0 = ሶ𝑆−1
2 + 𝜔𝑘

2 , 0 = 2 ሶ𝑆−1 ሶ𝑆0 + ሷ𝑆−1 , ⋯

𝑆−1 = ±𝑖 ׬
𝑡
𝑑𝑡′ 𝜔𝑘 𝑡′  , 𝑆0 = −

1

2
ln𝜔𝑘 , ⋯

𝜒𝑘 𝑡 ∼ const. ×
1

𝜔𝑘
exp ±

𝑖

ℏ
න
𝑡

𝑑𝑡′ 𝜔𝑘 𝑡 (2階微分方程式なので基本解が2つ)

ሶ𝑆2 ≫ ሷ𝑆
ሶ𝜔𝑘

𝜔𝑘
2

≪ 1 ( 断熱条件，adiabatic condition )

𝑖 𝜒𝑘
∗ ሶ𝜒𝑘 − ሶ𝜒𝑘

∗𝜒𝑘 = ℏwith ( 𝜒 𝑡, Ԧ𝑥 , ሶ𝜒 𝑡, Ԧ𝑦 = 𝑖ℏ𝛿3 Ԧ𝑥 − Ԧ𝑦 と 𝑎𝑘 , 𝑎 Ԧ𝑝
† = 2𝜋ℏ 3𝛿3 𝑘 − Ԧ𝑝 の要請から)

𝑉

𝜙
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■漸近解(初期条件として粒子数ゼロ)

■ 𝑡 → −∞でのゼロ粒子状態の漸近解

■ 場 𝜒を 𝜒𝑘
𝑖𝑛 を基底としたモード展開

■ 𝑡 → +∞での漸近解

■ 𝑘 ∼ 0, 𝜙 ∼ 0で近似が悪くなるので， 𝜒𝑘 𝑡 → +∞ ∼ 𝜒𝑘
𝑖𝑛 𝑡 → +∞ と評価するのは不適

■ しかし 𝑡 → +∞ で ሶ𝜔𝑘/𝜔𝑘
2 → 0 であれば断熱的なのでWKB 解の線形結合で書けるはず：

■ 𝜒𝑘
𝑜𝑢𝑡 を基底としても場 𝜒をモード展開できる（単に基底が違うだけ）

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

𝜒𝑘 𝑡 ∼
ℏ

2𝜔𝑘 𝑡
exp −𝑖 න

0

𝑡

𝑑𝑡′𝜔𝑘 𝑡′ ≡ 𝜒𝑘
𝑖𝑛

𝜒𝑘 𝑡 ∼ const. ×
1

𝜔𝑘
exp ±

𝑖

ℏ
න
𝑡

𝑑𝑡′ 𝜔𝑘 𝑡

のため   (const.) = ℏ/2𝑖 𝜒𝑘
∗ ሶ𝜒𝑘 − ሶ𝜒𝑘

∗𝜒𝑘 = ℏ

𝜒𝑘 𝑡 ∼ 𝜒𝑘
𝑜𝑢𝑡 = 𝛼𝑘𝜒𝑘

𝑖𝑛 + 𝛽𝑘𝜒𝑘
𝑖𝑛 ∗, 𝛼𝑘 , 𝛽𝑘  :  Bogoliubov 係数，

のため𝑖 𝜒𝑘
𝑎𝑠∗ ሶ𝜒𝑘

𝑎𝑠 − ሶ𝜒𝑘
𝑎𝑠 ∗𝜒𝑘

𝑎𝑠 = ℏ    (as = in, out) 𝛼𝑘
2 − 𝛽𝑘

2 = 1

𝜒 𝑡, Ԧ𝑥 = න
𝑑3𝑘

2𝜋ℏ 3
𝑒𝑖𝑘⋅ Ԧ𝑥/ℏ 𝜒𝑘

𝑖𝑛𝑎𝑘
𝑖𝑛 + 𝜒𝑘

𝑖𝑛 ∗𝑎−𝑘
𝑖𝑛 †

𝜒

𝜒𝑘
𝑖𝑛

𝜒𝑘
𝑖𝑛 ∗ 𝑎−𝑘

𝑖𝑛 †

𝑎𝑘
𝑖𝑛

𝜒

𝜒𝑘
𝑖𝑛

𝜒𝑘
𝑖𝑛 ∗ 𝑎−𝑘

𝑖𝑛 †

𝑎𝑘
𝑖𝑛

𝜒𝑘
𝑜𝑢𝑡

𝜒𝑘
𝑜𝑢𝑡 ∗

𝑎−𝑘
𝑜𝑢𝑡 †

𝑎𝑘
𝑜𝑢𝑡

𝜒 𝑡, Ԧ𝑥 = න
𝑑3𝑘

2𝜋ℏ 3
𝑒𝑖𝑘⋅ Ԧ𝑥/ℏ 𝜒𝑘

𝑜𝑢𝑡𝑎𝑘
𝑜𝑢𝑡 + 𝜒𝑘

𝑜𝑢𝑡 ∗𝑎−𝑘
𝑜𝑢𝑡 †
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■ Bogoliubov 変換 (𝑎𝑘
𝑖𝑛 と 𝑎𝑘

𝑜𝑢𝑡 との関係)

■ Bogoliubov変換則： もしくは

■非断熱状態を経た粒子生成の量（占有数）

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

𝜒𝑘
𝑜𝑢𝑡 = 𝛼𝑘𝜒𝑘

𝑖𝑛 + 𝛽𝑘𝜒𝑘
𝑖𝑛 ∗

𝑁𝑘 ≡ 0𝑖𝑛 𝑎𝑘
𝑜𝑢𝑡 †𝑎𝑘

𝑜𝑢𝑡 0𝑖𝑛

𝜒𝑘
𝑜𝑢𝑡𝑎𝑘

𝑜𝑢𝑡 + 𝜒𝑘
𝑜𝑢𝑡 ∗𝑎−𝑘

𝑜𝑢𝑡 †

= 𝛼𝑘𝜒𝑘
𝑖𝑛 + 𝛽𝑘𝜒𝑘

𝑖𝑛 ∗ 𝑎𝑘
𝑜𝑢𝑡 + 𝛼𝑘

∗𝜒𝑘
𝑖𝑛 ∗ + 𝛽𝑘

∗𝜒𝑘
𝑖𝑛 𝑎−𝑘

𝑜𝑢𝑡 †

= 𝜒𝑘
𝑖𝑛 𝛼𝑘𝑎𝑘

𝑜𝑢𝑡 + 𝛽𝑘
∗𝑎−𝑘

𝑜𝑢𝑡 † + 𝜒𝑘
𝑖𝑛 ∗ 𝛼𝑘

∗𝑎−𝑘
𝑜𝑢𝑡 † + 𝛽𝑘𝑎𝑘

𝑜𝑢𝑡

= 𝑎𝑘
𝑖𝑛 = 𝑎−𝑘

𝑖𝑛 †

𝑎𝑘
𝑖𝑛 = 𝛼𝑘𝑎𝑘

𝑜𝑢𝑡 + 𝛽𝑘
∗𝑎−𝑘

𝑜𝑢𝑡 †

𝜒

𝜒𝑘
𝑖𝑛

𝜒𝑘
𝑖𝑛 ∗ 𝑎−𝑘

𝑖𝑛 †

𝑎𝑘
𝑖𝑛

𝜒𝑘
𝑜𝑢𝑡

𝜒𝑘
𝑜𝑢𝑡 ∗

𝑎−𝑘
𝑜𝑢𝑡 †

𝑎𝑘
𝑜𝑢𝑡

𝑎𝑘
𝑖𝑛

𝑎−𝑘
𝑖𝑛 † =

𝛼𝑘 𝛽𝑘
∗

𝛽𝑘 𝛼𝑘
∗

𝑎𝑘
𝑜𝑢𝑡

𝑎−𝑘
𝑜𝑢𝑡 †

ሶ𝜔𝑘/𝜔𝑘
2

𝑡
Non-adiabatic region : ሶ𝜔𝑘/𝜔𝑘

2 > 1

𝜒

= 0𝑖𝑛 𝛼𝑘𝑎𝑘
𝑖𝑛 † − 𝛽𝑘𝑎−𝑘

𝑖𝑛 𝛼𝑘
∗𝑎𝑘

𝑖𝑛 − 𝛽𝑘
∗𝑎−𝑘

𝑖𝑛 † 0𝑖𝑛

𝑎𝑘
𝑜𝑢𝑡 = 𝛼𝑘

∗𝑎𝑘
𝑖𝑛 − 𝛽𝑘

∗𝑎−𝑘
𝑖𝑛 †

= 𝛽𝑘
2 ⋅ 0𝑖𝑛 𝑎−𝑘

𝑖𝑛 𝑎−𝑘
𝑖𝑛 † 0𝑖𝑛

= 2𝜋 3𝛿3 𝑘 = 0 = 𝑑3𝑥׬ 𝑒𝑖0⋅ Ԧ𝑥 = Vol.

= 𝛽𝑘
2 × Vol.

𝜒𝑘
𝑖𝑛

𝜒𝑘
𝑖𝑛

𝜒𝑘
𝑖𝑛 ∗

1
𝜒𝑘
𝑜𝑢𝑡

𝑎𝑘
𝑖𝑛 0𝑖𝑛 = 0

同じ “ベクトル” (𝜒) を異なる基底 ( 𝜒𝑘
𝑖𝑛 , 𝜒𝑘

𝑜𝑢𝑡 )で表現しているだけ

→ どうやって 𝛽𝑘 を求めるか？
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2. Analytic method for non-perturbative particle production

2024/2/10 Seminar @ Okayama Univ of Sci

2-1.  WKB approximation and Bogoliubov transformation 
2-2.  Analytic methods for Bogoliubov coefficients
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■ 𝛽𝑘はどうやって評価するか？ → 漸近解を複素時間に拡張し解析接続

■ 1回の振動でのダイナミクスを評価する場合

■ 方法１： 数学的な結果をそのまま拝借する

■ （＊）の基本解は parabolic cylinder 関数 𝐷𝜈 𝑧 , 𝐷−𝜈−1 𝑖𝑧 で与えられる

■ arg 𝑧 < 3𝜋/4 (𝑡 < 0) の場合は以下のように漸近展開できる

■ そのまま漸近展開ができないならば (𝑡 > 0) 次の関係式で漸近展開可能な偏角に持っていく

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

𝜙 = 𝜙0 sin𝑚𝜙𝑡 ∼ 𝜙0𝑚𝜙𝑡

𝑉

𝜙

Δ𝜙 ∼ 𝑚𝜙𝜙0/𝑔

Non-adiabatic region𝜙0
→ EOM:    0 = ሷ𝜒𝑘 + 𝑘2 + 𝑔2𝑚𝜙

2𝜙0
2𝑡2 𝜒𝑘 ・・・（＊）

𝑧 ≡ 2𝑔𝜙0𝑚𝜙 𝑡𝑒
3𝑖𝜋/4 ,     𝜈 ≡ −

1

2
+ 𝑖

𝑘2

2𝑔𝑚𝜙𝜙0

𝐷𝜈 𝑧 ∼ 𝑒−𝑧
2/4 ⋅ 𝑧𝜈 𝜒𝑘

𝑖𝑛   の漸近系に対応

𝐷𝜈 𝑧 = 𝑒𝑖𝜈𝜋𝐷𝜈 −𝑧 +
2𝜋

Γ −𝜈
𝑒𝑖 𝜈+1 𝜋/2𝐷−𝜈−1 −𝑖𝑧

∼ 𝜒𝑘
𝑖𝑛

∼ 𝛽𝑘 ∼ 𝜒𝑘
𝑖𝑛 ∗

∼ 𝛼𝑘

∴ 𝛽𝑘
2 ∼ 𝑒𝑖𝜈𝜋

2
= exp −

𝜋𝑘2

𝑔𝑚𝜙𝜙0
∼ 𝜒𝑘

𝑜𝑢𝑡
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■ 方法２:  Exact WKB 法 （ただし exact に解く必要はない）

■ WKB 法での近似なしの exact relation

■ 𝑆−1の積分始点は転回点に取っておく：

■ 解の表現に必要なのは実は 𝑛 = (奇数)だけ

■なので基本解は

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

0 = 𝜕𝑡
2𝜒𝑘 +

𝜔𝑘 𝑡 2

ℏ2
𝜒𝑘

0 = ሶ𝑆2 + ሷ𝑆 +
𝜔𝑘
2

ℏ2
= ( ሶ𝑆𝑜𝑑𝑑

2 + 2 ሶ𝑆𝑜𝑑𝑑 ሶ𝑆𝑒𝑣𝑒𝑛 + ሶ𝑆𝑒𝑣𝑒𝑛
2 ) + ( ሷ𝑆𝑜𝑑𝑑 + ሷ𝑆𝑒𝑣𝑒𝑛) +

𝜔𝑘
2

ℏ2

𝑆 = σ𝑛=−1
∞ ℏ𝑛𝑆𝑛 

∴ ሶ𝑆−1 = ±𝑖𝜔𝑘 , ሶ𝑆0 = −
ሷ𝑆−1

2 ሶ𝑆−1
,

𝜒𝑘 = 𝑒𝑆

ሶ𝑆𝑛 = −
1

2 ሶ𝑆−1
ሷ𝑆𝑛−1 + ෍

𝑚=0

𝑛−1

ሶ𝑆𝑛−𝑚−1
ሶ𝑆𝑚 𝑛 ≥ 1

𝑆 = 𝑆𝑜𝑑𝑑 + 𝑆𝑒𝑣𝑒𝑛 , 𝑆𝑜𝑑𝑑 = σ𝑛=0
∞ ℏ2𝑛−1𝑆2𝑛−1 , 𝑆𝑒𝑣𝑒𝑛 = σ𝑛=0

∞ ℏ2𝑛𝑆2𝑛 , 

奇 奇偶 偶

∴ ሶ𝑆𝑒𝑣𝑒𝑛 = −
ሷ𝑆𝑜𝑑𝑑

2 ሶ𝑆𝑜𝑑𝑑

𝜒𝑘
±

= 𝑒𝑆 ∝
1

ሶ𝑆𝑜𝑑𝑑
𝑒𝑆𝑜𝑑𝑑

0 = ሶ𝑆2 + ሷ𝑆 +
𝜔𝑘
2

ℏ2
,

=
1

1
ℏ

ሶ𝑆−1
(±)

+ 𝑂 ℏ

exp
1

ℏ
𝑆−1

±
+ 𝑂 ℏ = exp

1

ℏ
𝑆−1

±
෍

𝑛=0

∞

ℏ𝑛+1/2𝜓𝑛
±

偶

𝑆−1
±

= ±𝑖 ∗𝑡׬
𝑡
𝑑𝑡′ 𝜔𝑘 𝑡′  

→ 𝜔𝑘 = 0  となる時刻  𝑡 = 𝑡∗ で２つの解が一致  （転回点, turning point）
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■ Exact WKB 法ではさらに Borel 和を考える（ガンマ関数の助けを借りる）

■ Borel 和として元の関数を再定義

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

𝜒𝑘
±

∝ exp
1

ℏ
𝑆−1

±
෍

𝑛=0

∞

ℏ𝑛+1/2𝜓𝑛
±

= exp
1

ℏ
𝑆−1

±
෍

𝑛=0

∞

ℏ𝑛+1/2𝜓𝑛
±

×
1

Γ 𝑛 + 1/2
න
0

∞

𝑑𝑦 𝑦𝑛−1/2𝑒−𝑦

= exp
1

ℏ
𝑆−1

±
෍

𝑛=0

∞

𝜓𝑛
±

×
1

Γ 𝑛 + 1/2
න
0

∞

𝑑𝑦 𝑦𝑛−1/2 exp −
1

ℏ
𝑦

1 =
1

Γ 𝑛 + 1/2
× Γ 𝑛 + 1/2

𝑦 →
1

ℏ
𝑦

x

x

= ෍

𝑛=0

∞

𝜓𝑛
±

×
1

Γ 𝑛 + 1/2
න
𝐶

𝑑𝑦 𝑦 + 𝑆−1
±

𝑛−1/2
exp −

1

ℏ
𝑦

𝑦 → 𝑦 + 𝑆−1
±

−𝑆−1
+

Im 𝑦

Re 𝑦

𝜒𝑘
±

→ 𝑋 ± = න
𝐶

𝑑𝑦 𝜓𝐵
±

𝑡, 𝑦 exp −
1

ℏ
𝑦 ,

= ෍

𝑛=0

∞

𝜓𝑛
±

×
1

Γ 𝑛 + 1/2
න
𝐶

𝑑𝑦 𝑦 + 𝑆−1
±

𝑛−1/2
exp −

1

ℏ
𝑦

𝜓𝐵
±

≡ ෍

𝑛=0

∞
1

Γ 𝑛 + 1/2
𝜓𝑛

±
𝑦 + 𝑆−1

±
𝑛−1/2

𝐶

+𝑆−1
+

Re 𝑆−1
+
> 0 の場合

x

x

+𝑆−1
−

Im 𝑦

Re 𝑦
𝐶

−𝑆−1
−

( → Re 𝑆−1
− < 0)

ℏ の依存性はここだけ
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■ Stokes 現象

■ 𝑆−1は(複素)時間 𝑡 とともに変化するので，Borel 積分 𝑦の始点 ±𝑆−1 も時間とともに変化

2024/2/10 Seminar @ Okayama Univ of Sci
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x

x

−𝑆−1
+

Im 𝑦

Re 𝑦

𝐶

+𝑆−1
+

Re 𝑆−1
+ > 0 の場合

x

x

+𝑆−1
−

Im 𝑦

Re 𝑦
𝐶

−𝑆−1
−

( → Re 𝑆−1
− < 0)

x
x

−𝑆−1
+

Im 𝑦

Re 𝑦

𝐶

+𝑆−1
+

x
x

+𝑆−1
−

Im 𝑦

Re 𝑦
𝐶

−𝑆−1
−

x

x

−𝑆−1
+

Im 𝑦

Re 𝑦

𝐶

+𝑆−1
+

x

x

+𝑆−1
−

Im 𝑦

Re 𝑦

𝐶

−𝑆−1
−

𝐶′

Im 𝑆−1 = 0 のとき →

Im 𝑡

Re 𝑡

"𝑡"

x

𝑋 + → 𝑋 + + 𝑋
𝐶′
+

𝑋 − → 𝑋 −

Im 𝑆−1 = 0 （Stokes curve）を横切ると

“Stokes phenomena”

複素時間平面上での対応

𝑡∗

"𝑡"

𝑡∗: 転回点

( 𝜔𝑘(𝑡∗) = 0 )

𝑋 ± = න
𝐶

𝑑𝑦 𝜒𝐵
±

𝑡, 𝑦 exp −
1

ℏ
𝑦
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■ Stokes 現象

■ 𝑆−1は(複素)時間 𝑡 とともに変化するので，Borel 積分 𝑦の始点 ±𝑆−1 も時間とともに変化
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x

x

−𝑆−1
+

Im 𝑦

Re 𝑦

𝐶

+𝑆−1
+

Re 𝑆−1
+ > 0 の場合

x

x

+𝑆−1
−

Im 𝑦

Re 𝑦
𝐶

−𝑆−1
−

( → Re 𝑆−1
− < 0)

x
x

−𝑆−1
+

Im 𝑦

Re 𝑦

𝐶

+𝑆−1
+

x
x

+𝑆−1
−

Im 𝑦

Re 𝑦
𝐶

−𝑆−1
−

x

x

−𝑆−1
+

Im 𝑦

Re 𝑦

𝐶

+𝑆−1
+

x

x

+𝑆−1
−

Im 𝑦

Re 𝑦

𝐶

−𝑆−1
−

𝐶′

Im 𝑆−1 = 0 のとき →

Im 𝑡

Re 𝑡

"𝑡"

x

𝑋 + → 𝑋 + + 𝑋
𝐶′
+

𝑋 − → 𝑋 −

Im 𝑆−1 = 0 （Stokes curve）を横切ると

“Stokes phenomena”

複素時間平面上での対応

“Stokes curves”

Im 𝑆−1 = 0

𝑡∗

"𝑡"

𝑡∗: 転回点

( 𝜔𝑘(𝑡∗) = 0 )

𝑋 ± = න
𝐶

𝑑𝑦 𝜒𝐵
±

𝑡, 𝑦 exp −
1

ℏ
𝑦
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■ Voros’s theorem

■ Re 𝑆−1
+
> Re 𝑆−1

−
の場合 ( このとき，𝑋 + を “dominant solution,” 𝑋 − を “sub-dominant solution” と呼ぶ)

■ Stokes 曲線を転回点 𝑡 = 𝑡∗から見て反時計回りに横切った場合の接続公式

■正時計回りに横切った場合

■ Re 𝑆−1
+
< Re 𝑆−1

−
の場合

■ Stokes 曲線を転回点 𝑡 = 𝑡∗から見て反時計回りに横切った場合の接続公式

■正時計回りに横切った場合

2024/2/10 Seminar @ Okayama Univ of Sci
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𝑡-plane

x

Im 𝑆−1 = 0

𝑡∗

"𝑡"

𝑡∗:  転回点

( 𝜔𝑘(𝑡∗) = 0 )

反時計回り

𝑋 + → 𝑋 + + 𝑖𝑋 −

𝑋 − → 𝑋 −

𝑋 +

𝑋 −
→

1 𝑖
0 1

𝑋 +

𝑋 −
or

𝑋 + → 𝑋 + − 𝑖𝑋 −

𝑋 − → 𝑋 −

𝑋 +

𝑋 −
→

1 −𝑖
0 1

𝑋 +

𝑋 −
or

𝑋 − → 𝑋 − − 𝑖𝑋 +

𝑋 + → 𝑋 +
𝑋 +

𝑋 −
→

1 0
𝑖 1

𝑋 +

𝑋 −
or

𝑋 − → 𝑋 − + 𝑖𝑋 +

𝑋 + → 𝑋 +
𝑋 +

𝑋 −
→

1 0
−𝑖 1

𝑋 +

𝑋 −
or
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■ 1回の振動でのダイナミクスで再び評価してみる

■ Stokes curves

■ 実はいくつかの Stokes 曲線は縮退している

■ 縮退は 𝑖𝜖処方で解ける： 𝑡2 → 𝑡2 − 𝑖𝜖

■ Connection formula

2024/2/10 Seminar @ Okayama Univ of Sci

- 2. Analytic method for non-perturbative particle production -

𝑉

𝜙

Δ𝜙 ∼ 𝑚𝜙𝜙0/𝑔

Non-adiabatic region𝜙0

→ 𝜔𝑘 = 𝑘
2
+ 𝑔2𝑚𝜙

2𝜙0
2 𝑡2 ,

𝑡2 → 𝑡2 − 𝑖𝜖

転回点： 𝑡∗ = ±𝑖 ⋅
𝑘

𝑔𝑚𝜙𝜙0
,

𝑡-plane

x

Im 𝑆−1 = 0

+𝑖 𝑡∗

x
−𝑖 𝑡∗

"𝑡"

𝑡-plane

x
+𝑖 𝑡∗ + 𝜖

x
−𝑖 𝑡∗ − 𝜖

"𝑡"
(ii) (iv)

x x x x x
(i) (iii) (v)

𝑋 +

𝑋 −
→

𝑁 v 0
0 1/𝑁 v

1 𝑖
0 1

𝑒𝐾 0
0 𝑒−𝐾

1 0
−𝑖 1

𝑁 i 0
0 1/𝑁 i

𝑋 +

𝑋 −
≡

𝛼𝑘 𝛽𝑘
∗

𝛽𝑘 𝛼𝑘
∗

𝑋 +

𝑋 −

(v)

(iv)

(iii)

(ii)

(i)

𝐾 = 𝑖න
+𝑖 𝑡∗

−𝑖 𝑡∗

𝑑𝑡′𝜔𝑘 𝑡′ =
𝜋𝑘2

2𝑔𝑚𝜙𝜙0

積分始点のつけかえ
(𝑡: −∞ → −𝑖 𝑡∗ )

積分始点のつけかえ
(𝑡: +𝑖 𝑡∗ → +∞)

積分始点のつけかえ
(𝑡: −𝑖 𝑡∗ → +𝑖 𝑡∗ )

∴ 𝛽𝑘
2 = exp −

𝜋𝑘2

𝑔𝑚𝜙𝜙0𝜒𝑘
± ∝ exp −𝑖න

𝑡

𝑑𝑡′𝜔𝑘 𝑡′
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■ 他の問題にも応用できる

■ Stokes curves

■ Connection formula

2024/2/10 Seminar @ Okayama Univ of Sci
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𝜙 𝑡 4 型： 𝜔𝑘 = 𝑘
2
+ 𝐶2𝑡4 ,

𝑡4 → 𝑡4 − 𝑖𝜖

転回点： 𝑡∗ = 𝑒(2𝑛−1)𝑖𝜋/4 ⋅
𝑘

𝐶

𝑡-plane

x

Im 𝑆−1 = 0

𝑡∗ 𝑒
3𝑖𝜋/4

x

"𝑡"

𝑋 +

𝑋 −
→ 𝐶 ix 𝐶 viii 𝐶 vii 𝐶 vi 𝐶 v 𝐶 iv 𝐶 iii 𝐶 ii 𝐶 i 𝑋 +

𝑋 −
≡

𝛼𝑘 𝛽𝑘
∗

𝛽𝑘 𝛼𝑘
∗

𝑋 +

𝑋 −

𝑛 = −1,0,1,2

x

x

𝑡∗ 𝑒
𝑖𝜋/4

𝑡∗ 𝑒
−3𝑖𝜋/4 𝑡∗ 𝑒

−𝑖𝜋/4

𝑡-plane

x

x
"𝑡"

x

x𝑡∗ 𝑒
−
3

4
−𝜖 𝑖𝜋

𝑡∗ 𝑒
3

4
−𝜖 𝑖𝜋

𝑡∗ 𝑒
1

4
−𝜖 𝑖𝜋

𝑡∗ 𝑒
−
1

4
−𝜖 𝑖𝜋

(ii) (iv)
x x x x x
(i) (iii) (v)

x x x x
(vi)

(vii)

(viii)

(ix)

[SE, T. Matsuda (2020)]
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3. Asymmetric particle production

2024/2/10 Seminar @ Okayama Univ of Sci

3-1.  Baryogenesis and Sakharov’s 3 conditions
3-2.  Demonstration by CPV model
3-3.  Asymmetry on EWKB
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■Baryogenesis?

■ Present Universe

■ Matter   >>   Anti-matter

■ Photon #   >>   Baryon # (matter)

■ Observation for CMB:    𝜂 ≡ 𝑛𝐵/𝑛𝛾 ∼ 6 × 10−10

■ ∴ 𝑛𝛾 ≫ 𝑛𝐵 ≫ 𝑛 ത𝐵

■ Early Universe:   high temperature (𝑇 ≫ 1 GeV)

■ ∴ 𝑛𝛾 ∼ 𝑛𝐵 ∼ 𝑛 ത𝐵

■ Tiny asymmetry between baryon and anti-baryon

2024/2/10 Seminar @ Okayama Univ of Sci

Inflation Reheating BBN Recombination(Baryogenesis)

time10−43 s 1 s 1013 s

EW

10−12 s

- 3. Asymmetric particle production -

𝑛𝐵/𝑛𝛾 ∼ 6 × 10−10

バリオン

反バリオン

フォトン

Baryogensis

Dynamical generation

⇑
𝑛𝐵 − 𝑛 ത𝐵 /𝑛𝛾 ∼ 6 × 10−10

初期宇宙

バリオン

フォトン

現在の宇宙



30/39

■ Sakharov’s 3 conditions (for dynamical #B generation)

1. #𝐵 violating process

■ Required by definition

2. C and CP violating process

■ Required not to cancel out

between matters and anti-matters

3. Departure from equilibrium

■ The baryon asymmetry cannot

evolve by inverse processes

2024/2/10 Seminar @ Okayama Univ of Sci

ത𝐵

𝐵

𝐵

𝑋

𝐵 = +2

𝐵 = −1

+1

+1

0

−1

ത𝐿

𝑋 → 𝐵𝐵

𝑋 → ത𝐵ത𝐿

- 3. Asymmetric particle production -
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■ Required not to cancel out
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ത𝐵

𝐵 𝐵𝑋

𝐿

𝐵 = 0

+2

−2

+1

−1

decay

Case of C & CP conserving

𝐵𝑟 𝑋 → 𝐵𝐵 = 𝐵𝑟 ത𝑋 → ത𝐵 ത𝐵

𝐵𝑟 𝑋 → ത𝐵ത𝐿 = 𝐵𝑟 ത𝑋 → 𝐵𝐿

𝑋

ത𝑋

ത𝑋

decay

decay

decay

ത𝐵 ത𝐵

ത𝐿

𝐵

50%

50%

50%

50%

cancel

cancel
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ത𝐵

𝐵 𝐵𝑋

𝐿

𝐵 = +3

+2

+1

+1

−1

decay

Case of C & CP violating

𝐵𝑟 𝑋 → 𝐵𝐵 ≠ 𝐵𝑟 ത𝑋 → ത𝐵 ത𝐵

𝐵𝑟 𝑋 → ത𝐵ത𝐿 ≠ 𝐵𝑟 ത𝑋 → 𝐵𝐿

𝑋

ത𝑋

ത𝑋

decay

decay

decay

ത𝐿

𝐵

50%

50%

0%

100%

𝐿𝐵

cancel

survived
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33/39

■ Sakharov’s 3 conditions (for dynamical #B generation)

1. #𝐵 violating process

■ Required by definition

2. C and CP violating process

■ Required not to cancel out

between matters and anti-matters

3. Departure from equilibrium

■ The baryon asymmetry cannot

evolve by inverse processes

2024/2/10 Seminar @ Okayama Univ of Sci

ത𝐵

𝐵 𝐵𝑋

𝐿

𝐵 = +3

+2

+1

+1

−1

decay

𝑋

ത𝑋

ത𝑋

ത𝐿

𝐵

𝐿𝐵

Inverse decay

𝐵𝑟 𝑋 → 𝐵𝐵 ≠ 𝐵𝑟 ത𝑋 → ത𝐵 ത𝐵

𝐵𝑟 𝑋 → ത𝐵ത𝐿 ≠ 𝐵𝑟 ത𝑋 → 𝐵𝐿

50%
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100%

decay
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Inverse decay
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3. Asymmetric particle production

2024/2/10 Seminar @ Okayama Univ of Sci

3-1.  Baryogenesis and Sakharov’s 3 conditions
3-2.  Demonstration by CPV model
3-3.  Asymmetry on EWKB
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■ A demonstration by a CP violating model: 

■ Contents : 1 complex scalar + 1 real scalar ( + oscillating mass) 

■ One of couplings in 𝜖 and 𝑔 can be real, but both cannot   → CP phase remains

■ EOMs (operator equations)

■

■ We follow the time evolution of

■ Total number density of 𝜒 :

■ net number density of 𝜒 :

2024/2/10 Seminar @ Okayama Univ of Sci

[SE, T. Matsuda (2017)]

𝜔𝜉,𝑘 ≡ 𝑘2 +𝑚𝜉
2

𝜔𝜒,𝑘 ≡ 𝑘2 +𝑚𝜒
2

𝜒 𝑥 = න
𝑑3𝑘

2𝜋 3
𝑒𝑖𝑘⋅ Ԧ𝑥𝜒𝑘 𝑡 , 𝜉 𝑥 = න

𝑑3𝑘

2𝜋 3
𝑒𝑖𝑘⋅ Ԧ𝑥𝜉𝑘 𝑡

𝑛tot = ׬
𝑑3𝑘

2𝜋 3

1

Vol.
⋅

ሶ𝜒
𝑘

† ሶ𝜒
𝑘
+𝜔𝜒,𝑘

2 𝜒
𝑘

†
𝜒
𝑘

𝜔𝜒,𝑘
− 1  

ℒ = 𝜕𝜒 2 −𝑚𝜒
2 𝑡 𝜒 2 −

1

2
𝜖𝜒2 + ℎ. 𝑐. +

1

2
𝜕𝜉 2 −

1

2
𝑚𝜉
2 𝑡 𝜉2 − 𝑔𝜒𝜉 + ℎ. 𝑐.  

𝑛net = ׬
𝑑3𝑘

2𝜋 3 1 −
1

Vol.
⋅ 2Im 𝜒

𝑘

† ⋅ 𝜕𝑡𝜒𝑘  

0 = 𝜕𝑡
2

𝜒𝑘

𝜒
−𝑘

†

𝜉𝑘

+

𝜔𝜒,𝑘
2 𝜖∗ 𝑔∗

𝜖 𝜔𝜒,𝑘
2 𝑔

𝑔 𝑔∗ 𝜔𝜉,𝑘
2

𝜒𝑘

𝜒
−𝑘

†

𝜉𝑘

[  (Total energy  – 0-point energy) / (1 particle energy)  ]

[ U(1) Noether charge ]

Complex “coupling” Complex “coupling” 
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■ Numerical results 1

2024/2/10 Seminar @ Okayama Univ of Sci

𝑉

𝜙

ҧ𝜒, ( 𝜉 )𝜒,

1.0E-05

1.0E-04

1.0E-03

1.0E-02

0 100 200 300 400 500

1.0E-05

1.0E-04

1.0E-03

1.0E-02

0 100 200 300 400 500

𝑚𝜒
2 = 0.152 + 4cos20.03𝑡, 𝑚𝜉

2 = 0.12, 𝜖 = 10−4

𝑔 = 0.01𝑖

𝑔 = 0.01 (no phase)

N
u

m
b

er
 d

en
si

ti
es

N
u

m
b

er
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en
si

ti
es

𝑡

𝑡

𝑛𝜒 (matter)

ത𝑛𝜒 (antimatter)

𝑛𝜒 − ത𝑛𝜒 (net density)

𝑛𝜒 (matter)

ത𝑛𝜒 (antimatter)

- 3. Asymmetric particle production -



40/39

■What is the essence?

■ EOM (again)

0 = 𝜕𝑡
2Ψ𝑘 + 𝑘2 +𝑀2 𝑡 Ψ𝑘

■ “Diagonalization”:     𝑀diag
2 ≡ 𝑈†𝑀2𝑈, 𝑈 : diagonalizing unitary matrix

0 = 𝜕𝑡
2෩Ψ𝑘 − 2𝑖𝜇 𝜕𝑡 ෩Ψ𝑘 + 𝑀diag

2 − 𝑖𝜕𝑡𝜇 − 𝜇2 ෩Ψ𝑘

→ EOM cannot be diagonalized as long as 𝜕𝑡𝑈 ≠ 0

■ 𝜇 plays role as a “gauge field” (Berry connection)

■ 𝜇 can be regarded as a “chemical potential” :  carrier of asymmetry

2024/2/10 Seminar @ Okayama Univ of Sci

where    𝜇 ≡ 𝑖𝑈†𝜕𝑡𝑈   : Hermite, non-diagonal

Ψ𝑘 =

𝜒𝑘

𝜒
−𝑘

†

𝜉𝑘

 , 𝑀2 𝑡 =

𝑚𝜒
2 𝑡 𝜖∗ 𝑔∗

𝜖 𝑚𝜒
2 𝑡 𝑔

𝑔 𝑔∗ 𝑚𝜉
2 𝑡

: (net number) x 𝜇

c.f.   Gauge operator     𝐷𝜇𝐷𝜇 −𝑚2 𝜙 = 𝜕2𝜙 − 2𝑖𝑔𝐴 ⋅ 𝜕𝜙 + 𝑚2 − 𝑖𝑔𝜕 ⋅ 𝐴 − 𝑔2𝐴2 𝜙

c.f.   Berry connection :     𝒜𝐑 = 𝑖 𝑛 𝐑 ∇𝐑|𝑛 𝐑 ⟩

෩Ψ𝑘 ≡ 𝑈†Ψ𝑘

ℒ ⊃ 𝜕Ψ𝑘

2
⊃ 𝑖 ෩Ψ

𝑘

†𝜇 ⋅ 𝜕𝑡 ෩Ψ𝑘 − 𝜕𝑡 ෩Ψ𝑘

† ⋅ 𝜇෩Ψ𝑘

→ CP phase  &  “chemical potential”  
- 3. Asymmetric particle production -
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3. Asymmetric particle production
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3-1.  Baryogenesis and Sakharov’s 3 conditions
3-2.  Demonstration by CPV model
3-3.  Asymmetry on EWKB
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■ Asymmetry and Bogoliubov coefficients

■ To see the asymmetry with the Bogoliubov coefficients, we consider a simple model:

■ CP phase remains in the time-varying  Λ 𝑡 = 𝑅 𝑡 𝑒𝑖𝜃 𝑡 as long as 𝜃 𝑡 ≠ (const.)

■ EOM: 

■ A well-seen expansion is incorrect in general:

■ Because the EOM for 𝜒 is the 4th order of equation

■ Bogoliubov transformation is also given by 4 parameters:

2024/2/10 Seminar @ Okayama Univ of Sci

( This expression has to be regarded as an asymptotic behavior )𝜒 𝑥 = න
𝑑3𝑘

2𝜋 3
𝑒𝑖𝐤⋅𝐱 𝑓𝑘 𝑡 𝑎𝑘 + 𝑔𝑘 𝑡 ∗ 𝑏−𝑘

†

ℒ = 𝜕𝜒 2 −𝑚𝜒
2 𝑡 𝜒 2 −

1

2
Λ 𝑡 𝜒2 + ℎ. 𝑐.  

- 3. Asymmetric particle production -

=
1

2
𝜕𝜒1

2 +
1

2
𝜕𝜒2

2 −
1

2
𝑚𝜒
2 + Λ𝑅 𝜒1

2 −
1

2
𝑚𝜒
2 − Λ𝑅 𝜒2

2 + Λ𝐼𝜒1𝜒2 

𝜒: complex scalar,    Λ 𝑡  : complex function

𝜒 =
𝜒1 + 𝑖𝜒2

2 𝜒1, 𝜒2:  real scalars

0 = 𝜕2𝜒 + 𝑚𝜒
2𝜒 + Λ∗𝜒†

𝜒 𝑥 = න
𝑑3𝑘

2𝜋 3
𝑒𝑖𝐤⋅𝐱 𝑓𝑘 𝑡 𝑎𝑘 + 𝑔𝑘 𝑡 ∗ 𝑏−𝑘

† + ҧ𝑓𝑘 𝑡 ∗ 𝑎−𝑘
† + ҧ𝑔𝑘 𝑡 𝑏𝑘

𝑎𝑘
𝑜𝑢𝑡 = 𝛼𝑘 𝑎𝑘

𝑖𝑛 + 𝛽𝑘𝑏−𝑘
𝑖𝑛† + 𝛾𝑘 𝑎−𝑘

𝑖𝑛† + 𝛿𝑘𝑏𝑘
𝑖𝑛

0 =
𝜕2 +𝑚𝜒

2 + Λ𝑅 Λ𝐼

Λ𝐼 𝜕2 +𝑚𝜒
2 − Λ𝑅

𝜒1
𝜒2

or
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■ Expression of Bogoliubov transformation

■ Particle distributions

2024/2/10 Seminar @ Okayama Univ of Sci

𝑎𝑘
𝑏𝑘

𝑎−𝑘
†

𝑏−𝑘
†

𝑖𝑛

=
1

2

1 𝑖 0 0
1 −𝑖 0 0
0 0 1 −𝑖
0 0 1 𝑖

𝑎1
𝑎2

𝑎1
†

𝑎2
†

𝑖𝑛

- 3. Asymmetric particle production -

𝑎𝑘
𝑖𝑛 =

𝑎1
𝑖𝑛 + 𝑖𝑎2

𝑖𝑛

2
, 𝑏𝑘

𝑖𝑛 =
𝑎1
𝑖𝑛 − 𝑖𝑎2

𝑖𝑛

2

=
1

2

1 𝑖 0 0
1 −𝑖 0 0
0 0 1 −𝑖
0 0 1 𝑖

𝛼11 𝛼12 𝛽11 𝛽12
𝛼21 𝛼22 𝛽21 𝛽22
𝛽11
∗ 𝛽12

∗ 𝛼11
∗ 𝛼12

∗

𝛽21
∗ 𝛽22

∗ 𝛼21
∗ 𝛼22

∗

𝑎1
𝑎2

𝑎1
†

𝑎2
†

𝑜𝑢𝑡

𝑛𝑘 = 0𝑖𝑛 𝑎𝑘
𝑜𝑢𝑡 †𝑎𝑘

𝑜𝑢𝑡 0𝑖𝑛 =
1

2
𝛽11 + 𝑖𝛽21

2 + 𝛽12 + 𝑖𝛽22
2

ത𝑛𝑘 = 0𝑖𝑛 𝑏𝑘
𝑜𝑢𝑡 †𝑏𝑘

𝑜𝑢𝑡 0𝑖𝑛 =
1

2
𝛽11 − 𝑖𝛽21

2 + 𝛽12 − 𝑖𝛽22
2

∴ 𝑛𝑘 − ത𝑛𝑘 = 2 Im 𝛽11𝛽21
∗ + 𝛽12

∗ 𝛽22

1𝑖𝑛 ത1𝑜𝑢𝑡

2𝑖𝑛 ത2𝑜𝑢𝑡

𝛽11, 𝛽22 ≠ 0

𝛽12, 𝛽21 = 0

1𝑖𝑛 ത1𝑜𝑢𝑡

2𝑖𝑛 ത2𝑜𝑢𝑡

𝛽11, 𝛽22 = 0

𝛽12, 𝛽21 ≠ 0

1𝑖𝑛 ത1𝑜𝑢𝑡

2𝑖𝑛 ത2𝑜𝑢𝑡

𝛽11, 𝛽22 ≠ 0

𝛽12, 𝛽21 ≠ 0

“Inner mixing” “Outer mixing” “Inner and outer mixing”

Checking 
by EWKB 
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■ Procedure to identify the Stokes phenomena

1. Derive the 4th order of equation for 𝜒1 (𝜒2)

2. Put  𝜒1 = 𝑒
1

ℏ
𝑆−1+𝑆0+⋯ and obtain the equation for  𝑆−1

3. Find the “turning points”  𝑡 = 𝑡𝑎𝑏 by   𝜁𝑎 − 𝜁𝑏 = 0 (corresponding solutions coincide)

4. Find the Stokes curves by   Im׬𝑡𝑎𝑏
𝑡
𝑑𝑡′ 𝜁𝑎 − 𝜁𝑏 = 0

2024/2/10 Seminar @ Okayama Univ of Sci
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0 = 𝜕𝑡
4𝜒1 + 𝑃 3 𝜕𝑡

3𝜒1 + 𝑃 2 𝜕𝑡
2𝜒1 + 𝑃 1 𝜕𝑡𝜒1 + 𝑃 0 𝜒1

0 = ሶ𝑆−1
4 + ෨𝑃 3 ሶ𝑆−1

3 + ෨𝑃 2 ሶ𝑆−1
2 + ෨𝑃 1 ሶ𝑆−1 + ෨𝑃 0

→ ሶ𝑆−1 = 𝜁𝐴+, 𝜁𝐴−, 𝜁𝐵+, 𝜁𝐵−

𝜁𝐴± = ± − 𝑘2 +𝑚𝜒
2 + Λ𝑅

2 + Λ𝐼
2 , 𝜁𝐵± = ± − 𝑘2 +𝑚𝜒

2 − Λ𝑅
2 + Λ𝐼

2

• 𝜁𝐴+ − 𝜁𝐴− = 0 ∶ 𝑘2 +𝑚𝜒
2 = Λ𝑅

2 + Λ𝐼
2

• 𝜁𝐵+ − 𝜁𝐵− = 0 ∶ 𝑘2 +𝑚𝜒
2 = − Λ𝑅

2 + Λ𝐼
2

• 𝜁𝐴± − 𝜁𝐵± = 0 ∶ Λ𝑅
2 + Λ𝐼

2 = 0

• 𝜁𝐴± − 𝜁𝐵∓ = 0 ∶ 𝑘2 +𝑚𝜒
2 = Λ𝑅

2 + Λ𝐼
2 = 0

Inner mixing Outer mixing

Impossible for circular motion
( Λ = (const.) )
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■ Remarks

■ In the case of the circular motion (Λ 𝑡 = Λ 𝑒𝑖𝜃 𝑡 ), Re-definition of the field ෤𝜒 = 𝜒𝑒𝑖𝜃/2 gives

■ But EWKB says no asymmetry production by 𝜃 = 𝜃 𝑡

■ 𝑚𝜒
2 𝑡 and Λ 𝑡 are also required for the asymmetry

■ This conclusion is for the bosonic case

■ The (Majorana) fermionic case can generate the helicity asymmetry

2024/2/10 Seminar @ Okayama Univ of Sci
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ℒ = 𝜕𝜒 2 −𝑚𝜒
2 𝑡 𝜒 2 −

1

2
Λ 𝑡 𝜒2 + ℎ. 𝑐.  

= 𝜕 ෤𝜒 2 −𝑚𝜒
2 𝑡 ෤𝜒 2 −

1

2
Λ ෤𝜒2 + ℎ. 𝑐. +

1

4
ሶ𝜃2 ෤𝜒 2 + 𝜕𝜃 ⋅

𝑖

2
෤𝜒† 𝜕 ෤𝜒 − 𝜕 ෤𝜒† ෤𝜒  

∴ ℋ = 𝜋 2 + ∇𝜒
2
+𝑚𝜒

2 𝑡 ෤𝜒 2 +
1

2
Λ ෤𝜒2 + ℎ. 𝑐. + ሶ𝜃 𝐽𝜒

0 

𝜋 ≡ ሶǁ𝜒 −
𝑖

2
ሶ𝜃 ǁ𝜒 ,      𝐽𝜒

0 = −
𝑖

2
ǁ𝜒†𝜋 − 𝜋 ǁ𝜒

→ Spontaneous baryogenesis

[SE, T. Matsuda (2022)]
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4. Summary

2024/2/10 Seminar @ Okayama Univ of Sci

■ Today’s topics:

■ Brief review of preheating as an example of the non-perturbative particle production

■ Analytic methods for the non-perturbative particle production

■ Basic:  WKB method,  Bogoliubov transformation and coefficients

■ To evaluate the produced particle number ( 𝑛𝑘 = 𝛽𝑘
2 ),  I introduced

■ Analytic continuation by well-known special function

■ EWKB method

■ Particle-antiparticle asymmetric production due to the time-varying parameters

■ Asymmetric production is possible if the theory has

■ Time-varying background fields (parameters)

■ C & CP violating interactions

■ But circular motion (Λ 𝑡 = Λ 𝑒𝑖𝜃 𝑡 ) cannot produce the asymmetry according to EWKB

■ Finally, I want to say:

The time has come:   exploring non-static field theory
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